INTRODUCTION
In several applications, externally pressurized steel cylinders are confined within a rigid or deformable cavity [1] : buried steel pipelines steel liners for the rehabilitation of damaged pipelines, steel tunnels and ducts in power, and steel casing in oil and gas production wells. Due to the confining effect of the cavity, the steel cylinder cannot ovalize, and buckling occurs in the form of an "inward lobe" [2] , as shown in Figure 1 .
Considering a two-dimensional energy formulation of the deformed cylinder, Glock [3] resulted in a closed-form analytical solution for the ultimate pressure sustained by a cylinder of elastic material in a non-deformable (rigid) cavity:
where E is Young's modulus, ν is Poisson's ratio, D is the cylinder diameter and t is the wall thickness. For D t values between 100 and 300, the ultimate value of pressure GL p calculated from equation (1) is 20 -48 times higher than the buckling (bifurcation) pressure e p of a long (free of boundary conditions) perfectly round elastic cylinder under unconfined conditions. On the other hand, the corresponding buckling problem of steel cylinders with elastic-plastic material, has received less attention. As a first approximation, the ultimate external pressure capacity can be estimated as the pressure that causes first yielding of the cylinder wall, a concept adopted by Montel [4] , who proposed a semiempirical formula for the buckling pressure of cylinders embedded in a stiff cavity, in terms of the material yield stress y σ , the cylinder geometry D t , the initial out-ofroundness with amplitude 0 δ and the initial gap with maximum value g between the cylinder and the rigid cavity:
Equation (2) [5] investigated thin-walled steel cylinders, surrounded by an elastic medium, in terms of their structural stability under uniform external pressure using a nonlinear two-dimensional finite element model, which accounted for large displacements and inelastic material behavior. They continued their work in [6] and proposed a simple and efficient design methodology, for the structural stability design of confined steel cylinders, within the framework of the new European shell stability design rules and recommendations [7] [8] . The design methodology is outlined in the present paper. 
FINITE ELEMENT MODELING
General-purpose finite element program ABAQUS is used, with nonlinear geometry and inelastic material behavior. No variation of loading and deformation is assumed along the cylinder, considering a two-dimensional finite element model of the cylinder with one element in the longitudinal direction of the cylinder, under plane-strain conditions. Using symmetry, half of the cylinder is analyzed, applying appropriate symmetry conditions at the 0 θ = plane. The steel cylinder is modeled with four-node reduced-integration shell elements (type S4R), and eight-node reduced-integration solid elements (C3D8R) are used for the surrounding medium (Figure 1b) . A frictionless contact algorithm is employed for the interface between the cylinder and the medium. Uniform external pressure is applied around the cylinder, and the pressure-deflection ( p δ − ) equilibrium path is traced using a Riks continuation algorithm. Two types of initial imperfections are considered: (a) an initial gap between the confining medium and the cylinder and (b) a small initial "out-ofroundness" imperfection on the steel cylinder in the form of a small localized ("singlelobe") displacement pattern at the vicinity of the 0 θ = location ( Figure 2 ).
DESIGN METHODOLOGY FOR STEEL CYLINDERS
To describe buckling of confined cylinders under external pressure in a simple and efficient manner, a methodology is developed, based on "shell slenderness" [7] [8]:
where pl R is the load at the plastic limit and cr R the load corresponding to the elastic buckling condition of the perfect cylinder. The fully-plastic pressure y p can be used for pl R , whereas GL p in equation (1) offers a very good prediction of cr R , so that:
The 
The value of 2.2 defines the transition between elastic and inelastic region, and it is denoted by p λ . Furthermore, for imperfect cylinders, taking into account an imperfection reduction factor α , one can write
In the present study, the reduction factor α , is assumed in the following form:
where ∆ is an imperfection parameter that represents the size of the initial imperfection, considering both out-of-roundness and gap, and , C m are constant coefficients to be determined from the numerical results. The results in [5] [6] indicate a dependency of the imperfection sensitivity on the D t value. Based on those results, this imperfection parameter is considered in the following form
In the above expression, coefficient K expresses the relative influence of the two forms of imperfections (gap and out-of-roundness) on the ultimate pressure max p . From the numerical results, a value equal to 3 is obtained for this coefficient ( 3 K = ). Upon determining the value of K , a standard curve fitting technique is employed, the values of C and m are calculated equal to 0.15 and 0.7 respectively, so that the elastic reduction factor becomes:
The imperfection reduction factor predicted through equation (9) is plotted against finite element results in Figure 4 . The comparison indicates that equation (9) 
where β is constant, η depends on imperfection parameter ∆ and slenderness 0 λ is referred to as "squash limit relative slenderness"; for slenderness values less than 0 λ , the cylinder collapses due to excessive plastification, so that neglecting strain hardening:
The numerical results of Figures 3 indicate that a value of 0 λ equal to 0.25 is representative of the cylinder behavior. Furthermore, in equation (10), the value of β is determined equating expressions (6) and (10) for p λ λ = , and one readily obtains:
The numerical results indicate a dependence of η on the initial imperfection, which can be expressed as follows: 0.6 3 η = − ∆ , 0.3 η ≥ (13) Figures 3 show the predictions of the above design methodology for imperfect steel cylinders against the numerical finite element results. The comparisons indicate that the proposed methodology offers an efficient approach for predicting the ultimate pressure of confined cylinders in both the elastic and the inelastic range. The methodology is fully compatible with the general methodology for shell buckling design [7] [8] .
As an alternative to the design methodology proposed in the previous paragraphs, Montel's equation can be used for the buckling pressure of imperfect steel cylinders under external pressure confined within a rigid cavity. Montel's predictions are shown in Figures 5 , and demonstrate that this semi-empirical equation, despite its simplicity can provide very reliable estimates of the ultimate pressure and can be used for design purposes. 
EFFECTS OF MEDIUM DEFORMABILITY
The results presented in the previous section refer exclusively to the case of cylinders enclosed within a rigid cavity, i.e. high values of the modulus of the confinement medium E′ . However, quite often in buried pipeline applications the stiffness of the surrounding medium should be considered to determine the ultimate pressure of steel cylinders. Figure  6a shows the pressure versus deformation response of a steel cylinder ( y σ = 313 MPa, D t = 200) with no imperfections ( 0 0 g δ = = ), for different values of the confinement medium modulus E′ . The main observation from those results is the significant reduction of the max p value. Furthermore, with decreasing E′ values, the response is characterized by a "plateau" on the equilibrium path about the maximum pressure.
It is possible to incorporate the effect of E E ′ in the present design methodology introducing a reduction factor f , expressing the ratio of max p in a deformable medium over max, p ∞ , which is the ultimate pressure of the cylinder in a rigid confinement:
Based on the numerical results, as follows:
where
The comparison between numerical results and the analytical predictions is shown in Figure 6b and demonstrate that equation (15) can be used for an efficient description of the effects of medium deformability on the ultimate pressure.. 
CONCLUSIONS
Using finite element simulation tools, buckling of cylinders confined within a deformable elastic medium is investigated. Based on the numerical results, a systematic methodology is developed for the prediction of the ultimate pressure, which also accounts for the effects of the deformability of the surrounding medium and those of initial imperfections. The methodology is compatible with the general provisions of recent European design recommendations for shell buckling [7] [8] and could be used for design purposes.
